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Both in classical and quantum mechanics (or field theory), the equations of motion are deduced from the extremum of a Lagrangian. Such a universal procedure insures that the dynamical evolution will be invariant under a group of quite general transformations. In [4] . This property did not show explicitly in the first expression which was given of stochastic dynamics, and which moreover made contact with quantum mechanics [3] : a stochastic extension of the classical acceleration is used to express a generalised Newton law which is shown to be equivalent to the Schrodinger equation.
One way to insure the previous general covariance inside this representation, is to make the equations of motion result from a stochastic Lagrangian principle [5] , or an equivalent stochastic Hamiltonian formalism, as that provided by stochastic control theory [6] . However, one would like to possess a description which makes explicit the role of the previous general covariance in the derivation of the dynamics, and also in the correspondence between quantum states and stochastic processes. Another approach was to define stochastic processes, with kinematics and dynamics, on a Riemannian manifold [7, 8, 11] . However this only provides direct [9, 10] . In the conventional approach [8, 11] This first part will exhibit the natural covariance which is inherent in diffusion processes. By convention, this purpose will be realised from Ito stochastic differentials, but Stratonovich differentials could be used as well [4] , as only the transformation properties of the drift and diffusion coefficients will be required (an example of the alternative point of view is developed in [12] ). Indeed, the underlying structure will be an extension, so that to include timedependent changes of coordinates, of the Riemannian structure which appears naturally with diffusion processes [7, 8, 11] . Also, the number of degrees of freedom N will be arbitrary, so that our main topic will be field theory, to be recovered by an appropriate limit of infinite N, rather than the mechanics of the point particle.
On a given probability space, a general diffusion process is defined by a collection of measurable functions Conversely, the covariant changes of the drift and diffusion fields bi and v ij being fixed by (4), intrinsic objects related to the process should have covariant expressions, whose dependence in b and v will be fixed by (4) . For instance, P the conditional (or the joint as well) probability density transforms like a density, like the probability density p :
They satisfy the Fokker-Planck equation :
which can be seen to be invariant under general time-dependent changes of coordinates. The latter can also be written :
where v' is a velocity field, transforming according to (6) . The conditional probability density P of a Markovian process will have a singular behavior of the following form : ' and it can easily be shown that the solution of the Fokker-Planck equation (7) , whose singular behavior is of that form, is precisely given by (8) - (12 These covariant time derivatives also show the following properties :
The latter allow one to unify the notation :
Now, a diffusion process supports velocity fields generated by b and b * so that, with properties (13), the covariant derivatives form an affine set generated by :
Every one of these time derivatives is easily seen to commute with the covariant gradient. Their symmetry properties will play a central role in the expression of a dynamical equation for the diffusion processes, as will be seen in part 4. 3. Covariance of the operator representation.
Markovian diffusion processes can also be given an operator representation very similar to that of quantum mechanics [9, 14] (14) of the time correlations of the random variables is equal to any similar one, where the transition probability P has been replaced by any kernel K such that : P (x', t'lx, t) = e-q(x', t') K(x', t'lx, tl eq(x, t) with q an arbitrary function. K has then the same singular behavior as P, and satisfies the modified Fokker-Planck equation :
with h, the Hamiltonian defined by :
The correlation functions then take the similar expression :
where :
Recalling the time evolution of p, Q and Q Then, the equations of motion (18) The transformation rules will result from the invariance of the classical Lagrangian :
The latter defines a metrics a ij, a velocity field f3 i, and a scalar V, which also transform under gauge (q ) changes :
A quantum state will be determined by a probability density p and a scalar function S (which transforms as : S + q = 9 + t7) : replaced by a scalar function S such that : let us remark that, under gauge transformations, S transforms as : S + q = S + q. Then, the covariant time derivatives defined in part 2, allow one to construct general scalar functions which will complete the description of the time evolution of p and S :
Let us remark that only the last two derivative terms of this expression can, and do, depend on the diffusion field. In fact, one can replace the latter by the metrics of the Lagrangian (19) , which has exactly the same transformation properties, and thus express the dynamics independently of the choice of the diffusion field. But then, the covariant time derivative thus defined is not a pure kinematical object, characterised by the diffusion process only, but also refers to dynamics, through the Lagrangian. The fact is that this last choice is precisely the one which shows the desired remarkable properties. Indeed in that case, using (25)', the kinematical equation (24) (20) , under the form of the Schr6dinger equation (21) .
Thus, and for simplicity, the conventional approach [8, 11] fixes the diffusion field to be proportional to the metrics of the Lagrangian, with a proportion constant which has the dimension of an action, and which is fixed in a universal way to be equal to Planck constant h. But this convention does not evade the intriguing fixing of a kinematical object on dynamical grounds. Moreover, as can easily be seen from (29), the Schr6dinger equation is equally obtained with any proportion constant [9] , and even any time-dependent one [10] , the parameters X, X' adjusting in consequence. (Indeed, the same arbitrariness lies in the choice of the stochastic Lagrangian which [16] , through stochastic variational methods as described for instance in [11] , provides the dynamical Eq. (26).) Furthermore, taking the gradient of (26), (28) On another hand, as has already been noted , [9, 10] [17] . In particular, this would provide a stochastic insight into the problems of quantisation in accelerated frames and in curved space [18] . Also in the relativistic context, it has been noted [19] [22] , and maybe for rising the ambiguities of the operatorial quantisation [23] .
Appendix.
The definition of the changes of coordinates (3), together with the gauge transformations, lead to the following action on the operators : so that, using (4) : where h is defined according to (15) . Now 
